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ABSTRACT 



In this paper we establish some new retarded integral inequalities in two variables which provide explicit bound 
on unknown functions. Some applications are also given to illustrate the usefulness of our results. 
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INTRODUCTION 

Integral inequalities play an important role in the qualitative analysis of the solutions of differential and integral 
equations; see [8,13]. 

In [2] Chen et al. obtained a useful upper bound on the following inequality 



And its variants under some suitable conditions on the functions involved in (1.1). In fact the result in [2] are the 
generalizations of the inequalities in [1]. In literature many retarded inequalities have been discovered [3-7, 9-12, 14, 15]. 

The main purpose of the paper is to establish explicit bounds on the general version of (1.1) which can be used 
more effectively in the study of certain classes of retarded differential and integral equations. Some applications are also 
given. 

2. MAIN RESULTS 

Throughout this paper, x 0 , y 0 e R are fixed numbers. Let I = [x 0 , X) C R, J = [y 0 , Y) C R, and A = I x J C R 2 , here, 
we allow X or Y to be °° . We denote by C 1 (U, V) the set of all i-times continuously differential functions of U into V, and 
C 0 (U, V) = C(U, V). Partial derivatives of Z are denoted by D ; Z, D 2 Z, D 12 Z and so forth. Let R + = [0, °° ). 

Theorem 2.1: Let f(x, y, s, t) e C(A □ A , R+) be non-decreasing in x and y for (s, t) e A with D[ f (x, y, s, t) 
e C (A x A, R+). Let c > 0 be a constant. If oce C 1 (I, I), Pe C 1 (J, J) are non-decreasing functions with oc(x) < x on I, p(y) 
< y on J. Moreover (j), G) e c (R+ , R+) such that co is non-decreasing with w(r) > 0 for r > 0 and ()) is strictly increasing with 
(j) (0) = 0 and (j)(t) — ■> °° as t — > °° . If u e (A, R + ) satisfies 



Ll 



p (x,y)<c + 



v(x) 8(y) 

| J b (s, t) cp[u (s, t)]dtds 

v(x 0 ) §(y 0 ) 



(1.1) 
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<x(x) |3(y) 

<|>(u(x,y))<c+ j" j"f(x,y,s,t)co(u(s,t)) dtds 

«("o)P(yo) 



(2.1) 



for all (x, y) e A then 
u(x,y)<<|> 



a(x) P(y) 

H _1 (H(c))+ J Jf(x,y,s,t)a)dtds 

a(x 0 )P(yo) 



For all (x, y) e [x 0 , Xj] x [y 0 , y x ] 
Where 



(2.2) 



\ (#" (s)j 



Proof: Let us assume that c> 0. 

Let z(x, y) be the right-hand side of inequality (2.1) 

then z(x 0 , y) = z (x, y 0 ) = c , u (x, y) < (j)" 1 (z (x, y) (2.3) 
Our assumption on a, p, f, co, u imply that z is positive function that is non-decreasing in each variables. 

We have 

a(x) P(y) 

'(x,y,a(x), t) co(u(a(x), t))dt + 

a(x„) P(y„) 



Dz(x,y)= a'(x) J f (x,y,a(x), t) co(u (a(x), t))dt + J J D,f (x,y,S,t)a>(u(s,t)dtds 



P(y) 



P(x) P(y) 



D 1 z(x,y) < a'(x) J f (x,y,a(x),t) co(c|) 1 (z (a(x), t)))dt + j" j"D 1 f(x,y,s,t)co(^)" 1 (z(s,t))dtds 

«y.) P(xo)P(yo) 



'p(y) a(x) p( y ) 

D 1 z(x,y)<co(^)" 1 (z(x,y))] jf (x,y,a(x),t)dt + j" |D x f (x,y,s,t) dtds 
_P(yo) a(x 0 ) P(yo) 



„ I \ P(y) a(x) P(y) 

L-Ti ^ Jf(x,y,a(x),t)dt + f fD 1 f(x,y,s,t)dt 

«h i^y))) p( J y 0 ) «(x 0 ) P(yo ) 



i.e. 



Piz(x,y) < 3 
co((|)" 1 (z(x,y)) 9x 



a(x) 

Jf(x,y,s,t)dtds 

a(x 0 ) 



(2.4) 



Integrating (2.4) with respect to x from x 0 to x and using definition of H, we get 

a(x) p( y ) 

H(z(x,y))-H(z(x 0 ,y))< j" jf (x,y,s,t)dtds 
a(x 0 ) P(yo) 
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otto P(y) 

H(z(x,y))<H(c)+ j" ff(x,y,s,t)dtds 

«(x 0 ) p(yo) 



••■ z(x,y)<H" 



a(x) p(y) 

(H(c))+ j" ff(x,y,s,t)dtds 

a(x 0 ) P(yo) 



(2.5) 



Using inequality (2.3) in (2.5), we get 
u(x,y)<<|) 



<x(x) P(y) 

H"'(c)+ j" j"f(x,y,s,t)dtds 

«Uo) P(yo) 



for all (x, y) e [x 0 , x x ] x [y 0 , y x ] 

Theorem 2.2: Let f(x, y, s, t) e C (A x A, R + ) be non-decreasing in x and y for (s, t) e A with D[ f (x, y, s, t) e C 
(A □ A, R + ). Let c> 0 be a constant. If a e C 1 (I, I), 0e C 1 (J, J) are non-decreasing functions with a(x) < x on I, b (y) < y 
on J. Moreover (]) e C (R+, R + ) such that it is strictly increasing with (j) (0) = 0 and (j) (t) — as t — »°° . If u e C (A, R + ) 
satisfies 



a(x) p(y) 

(|)(u(x,y))< c+ J Jf(x, y,s,t)u(s,t)dtds 

a(xo) P(yo) 



(2.6) 



For all (x, y) e A then 
u(x,y)<(|)" 1 G" 



a(x) P(y) 

G(c)+ J Jf(x,y,s,t)dtds 

«(x 0 ) P(yo) 



(2.7) 



for all (x, y) e [x 0 , Xj] x [y 0 , yj 
Where 



Proof: Let us assume that c > 0 

Let z(x, y) be the right-hand side of inequality (2.6) then 
z(x 0 , y) = z(x, y 0 ) = c and u (x, y) < §~ l (z(x, y)) 

Clearly z(x, y) is positive function that is non-decreasing in each variables, 
we have 

P(y) «(x) P(y) 

D 1 z(x 1 y) = a'(x) j"f(x,y,a(x),t)u(a(x),t)dt+ j jD[f(x y,s,t)u(s,t)dtds 

P(yo) «(x 0 ) P(yo) 



(2.8) 



(2.9) 
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Using (2.8) in (2.9), we have 



a(x) P (y) 



D 1 z(x | y) = oc'(x) j" f (x,y,a(x),t)(j) 1 (z(a(x),t))dt+ J j" D 1 f(x y,s,t)^' (z(s,t))dtds 



My.) 



P(y„) 



D ] z(x,y) = (]) _1 (z(x,y)) 



«(x) p(y) 



J f (x,y,a(x),t)dt+ J J D 1 f(x y,s,t)dtds 



,P(y.) 



«W P(y.) 



' ; < f f(x,y,o(x),t)dt + J J D^xy.stfdds 



I J' 



. e D lZ (x,y) ^ 3 
«|)- 1 (z(x,y)) 3x 



'a(x) p(y) 

j j" f(x y,s,t)dtds 

«(" 0 ) P(yo) 



Integrating with respect to x from x 0 to xi and using definition of G, we get 

a(x) p(y) 

G(z(x,y))-G(z(x 0 y))< J Jf (x, y,s,t)dtds 

«Uo) P(yo) 



p(y) 

i.e. G(z(x,y)) <G(c)+ j" j" f (x,y,s,t)dtds 

■(*„) P(y„) 



z(x,y)<G~ 



d(x) P(y) 

G(c)+ J j"f(x,y,s,t)dtds 

«Uo) P(yo) 



(2.10) 



Using inequality (2.8) in (2.10), we get the desired inequality (2.7). 

Corollary 2.3: Let f(x, y, s, t) eC (A J A, R + ) be non-decreasing in x and y for (s, t) e A with D[ f (x, y, s, 
t)e C(A J A, R + ). Let c > 0 be a constant. If ae C 1 (I, I), pe C 1 (J, J) are non-decreasing functions with a(x) < x on I, (3 (y) 
< y on J. Moreover (j) e C (R+, R+) which is strictly increasing with (j) (0) = 0 and (j) (t) — > °° as t — > °° . If ue C (A, R + ) 
satisfies 



a(x) P(y) 

(|)(u(x,y))<c+ j" j"f(x,y,s,t)(|)(u(s,t))dtds 

«Uo) P(yo) 

For all (x, y) e A then 
u^y^-'fce^) 

For all x, y, e A where 

a(x) p(y) 
A(x,y)= j" j"f(x,y,s,t)dtds 

«("o) P(y 0 ) 



(2.11) 



(2.12) 



Impact Factor (JCC): 4.2949 



Index Copernicus Value (ICV): 3.0 



Gronwall - Bellman Type Retarded Intergral Inequalities in Two Variables 57 

Proof: Let co= (j) and H (r) = l n r in Theorem 2.1 then the corollary follows immediately from Theorem 2.1. 
Some Applications 

In the section, we use the results obtained in section 2 to study certain properties of boundary value problem 

(BVP): 

[<Ku(x,y))] xy = F(x,y,s,t,u(a(x),p(y))) (3.1) 

u (x, y 0 ) = ei (x) , u (x 0 , y) = e 2 (y), ei(x 0 ) = e 2 (y 0 ) = 0 (3.2) 
Where 0 is defined as in Theorem 2.1, 
FeC(AxAxR,R),e,eC (I, R), e 2 e C (J, R) are given. 
Our first result deals with the boundedness of solutions. 
Theorem 3.1: Consider BVP (3.1) - (3.2). If 

IF(x, y, s, t) I < f (x, y, s, t) lul (3.3) 
Where f e C (A • A • R+) and 

10 (e! (x)) + (j) (e 2 (y))l < k for some k > 0 (3.4) 
Then all solutions to problem (3.1) - (3.2) satisfy 

u(x,y)<(j)-' [V'(G(x) + W(x,y))] 

For all (x, y) e A 

x y 

Where G, G" 1 are defined as in Theorem 2.2 if W(x, y) = J Jf(x,y,s,t)dt ds is bounded on A, then every 

x o yo 

solution of (3.1) - (3.2) is bounded on A. 

Proof: If u (x, y) is the solution of the problem (3.1) - (3.2) then it satisfies the integral equation 

x y 

(Ku(x,y))<(Ke | (x)) + (Ke 2 (y)) + j j F(x, y, a, X, u (cc(cr),p (X))) dodA. 
Using (3.3) and (3.4) in above inequality, we get 

a y 

<k + J Jf (x,y,a,A, ) lu(a(a), P(A,)) IdadA, (3.5) 

Changing variables by putting S = a((j) , t = (3(A.) , 
we deduce 



www.tjprc.org 



editor @ t j prc.org 



58 



Jayashree Patil 



o(x) p(y) 



|<|>(u(x,y))|<k + j J f(x,y,a- 1 (s),p- 1 (t))|u(s,t)|(a- 1 )'(s)(p- 1 )'(t)dtds 



(3.6) 



using inequality in Theorem (2.2), we get 



( a(x) p(y) 



U 



(x,y)<<^ G~' G(k)+ \ J f(x,y,a- 1 (s),p- 1 (t))(a 1 )'(s)(p- 1 )'(t)dtds 



u 



(x,y)<r 1 [ G - 1 (G(k) + w(x,y))] 
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